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Abstract 

A simple proof of a strengthened form of the first law of black hole mechan- 
ics is presented. The proof is based directly upon the Hamiltonian formulation 

■ of general relativity, and it shows that the the first law variational formula 
CN , holds for arbitrary nonsingular, asymptotically flat perturbations of a station- 

I ary, axisymmetric black hole, not merely for perturbations to other stationary, 

■ axisymmetric black holes. As an application of this strengthened form of the 
, first law, we prove that there cannot exist Einstein-Maxwell black holes whose 

ergoregion is disjoint from the horizon. This closes a gap in the black hole 



uniqueness theorems. 

^ 1. Derivation of the First Law 

^ ■ It was noted by Hilbert at the inception of general relativity that the Einstein field 

■ equations are derivable from an action principle. 




S = — (fx (1) 



Thus, general relativity has a Lagrangian formulation. The corresponding Hamil- 
tonian formulation was given many years later in a collaboration between Charles 
Misner, Richard Arnowitt, and Stanley Deser. The main results of this collaboration 
are summarized in [1]. 

The Hamiltonian formulation of general relativity is employed as a starting point in 
all attempts to formulate a quantum theory of gravity via the canonical approach. 
It plays a less essential role within the context of purely classical general relativity. 
However, even in that context, the Hamiltonian formulation of general relativity 
provides some penetrating insights into the structure of the theory. In this paper, 
I shall illustrate this point by showing how a strengthened form of the first law 
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of black hole mechanics can be derived in a very simple and direct manner from 
the Hamiltonian formulation of general relativity. The results presented here were 
obtained in collaboration with D. Sudarsky and were first reported in [2]. I shall 
restrict attention here to Einstein-Maxwell theory-^the more general case of Einstein- 
Yang-Mills theory was considered in [2]-but the analysis generalizes straightforwardly 
to allow other fields, provided only that a Hamiltonian formulation of the complete 
theory can be given. 

In the Hamiltonian formulation of Einstein-Maxwell theory, a point in phase space 
corresponds to the specification of the fields {hab, tt"^, Aa, E"-) on a three dimensional 
manifold E. Here hab is a Riemannian metric on E and Aa is the spatial part of 
the vector potential (i.e., the pull-back to E of the spacetime vector potential A^j). 
The momentum canonically conjugate to hab is -j^ vr"^, where vr"^ is related to the 
extrinsic curvature, Kab, of E in the spacetime obtained by evolving this initial data 
by, 

tt"^ = Vh(K''^ - h'^^K) (2) 

The momentum conjugate to Aa is ^ \/h E"-, where E"- is the electric field in the 
evolved spacetime. 

Constraints are present in Einstein-Maxwell theory. The allowed initial data is re- 
stricted to the constraint submanifold in phase space defined by the vanishing at each 
point xeE of the following quantities, 

= C= ^VhDaE" (3) 

= Co = ^Vh {-R + 2EaE'^ + FabF'^' + i( - \^)} (4) 

= a = -^v^ {Dbinll^) - 2FabE'} (5) 

where Da is the derivative operator on E compatible with hab, R denotes the scalar 
curvature of hab, and Fab — 2^[a^6]- 

The ADM Hamiltonian, if, for Einstein-Maxwell theory has the "pure constraint" 
form, 

J^imC^ + N^A^C) (6) 

Here A^^ and Aq are to be viewed as non-dynamical variables, which may be prescribed 
arbitrarily. In the spacetime obtained by solving Hamilton's equations, N^^ has the 
interpretation of being the time evolution vector field (i.e., its projection normal to 
E yields the lapse function, A^, and its projection into E yields the shift vector. A""), 
and Aq has the interpretation of being the component of the vector potential normal 
to E. The "pure constraint" form of H is not special to Einstein-Maxwell theory; 
any Hamiltonian arising from a diffeomorphism invariant theory always takes such a 
form (see the appendix of [3]). 
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The derivation of the strengthened form of the first law of black hole mechanics is 
based upon the following three properties of the ADM Hamiltonian: (i) It vanishes 
identically on the constraint submanifold. Hence, its first order variation off of a 
solution vanishes whenever the varied initial data satisfies the linearized constraints, 
(ii) Its variation yields the Einstein-Maxwell equations, (iii) For suitable choices of 
time evolution vector field in an asymptotically fiat spacetime, its variation is directly 
related to formulas for the variation of mass, charge, and angular momentum in the 
spacetime. 

The first of these properties is manifest from eq. (6). The second property is just the 
statement of what we mean by H being a Hamiltonian for Einstein-Maxwell theory. 

More explicitly, let (/lab, 7r°^, A^, be initial data (satisfying the constaints) for an 
Einstein-Maxwell solution, and let {Shab, 5vr"*, 6Aa, SE"') be an arbitrary perturbation 
(not necessarily satisfying the linearized constraints) of compact support on E. By 
integrating by parts, we can express the variation of H in the form. 

SH= [ [P'^SKb + QabSTT"^ + R'^SAa + SJiVhE'')] (7) 

Then, the coefficient, P"**, of 6hab yields minus the "time derivative" (i.e., the Lie 
derivative with respect to N'^) of the canonical momentum y^tt"'' in the solution to 
the Einstein- Maxwell equations arising from the initial data {hab, tt"^, Aa, £""). Simi- 
larly, the coefficient, IdnQab, of ■^Sn"'^ yields the time derivative of hab, etc. (Explicit 
formulas for P'**, Qab, R"^, and Sa are given in eqs. (19)-(23) of [2] in the more general 
case of Einstein- Yang-Mills theory.) 

The third property can be understood and derived from the following considerations 
[4]: Let (hab-'n'"'^, Aa, E"-) be initial data (satisfying the constaints) for an asymptoti- 
cally fiat spacetime. Suppose, now, that we consider variations {Shab, Sn"''', 6Aa, 6E"-) 
of this initial data which are merely asymptotically fiat (rather than being of compact 
support). Then extra terms will appear in eq. (7) due to contributions from boundary 
terms at infinity which arise when one does the integrations by parts needed to put 
the volume terms in the form (7). In the case where A^'^ asymptotically approaches 
a time transition (i.e., the lapse function N goes to 1 and the shift vector iV" goes to 
at infinity), one obtains (assuming that no other boundaries are present on E - see 
below) , 

5H = /jP'^'Shab + QabSn''' + R^'SAa + SaSiVhE"")] 

-T^Si dS'^id'hab - dahl] - -^S I dS'^AoEa (8) 

Equation (8) suggests that we modify the definition of the ADM Hamiltonian by 
addition of a surface term, 

H = H+^£ dS^id'hab - dX] + ^ £ dS'^AoEa (9) 
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If we do so, then H will act as a true Hamiltonian on phase space in the sense 
that its variation will be given by the right side of eq.(7) for all asymptotically flat 
perturbations. It is natural, then, to define the "canonical energy" E on the constraint 
submanifold of phase space to be the numerical value of this true Hamiltonian. Hence, 
we obtain. 



^ = / dSV'hab - dahl] + ^<f dS'^A^Ea ^m + VQ (10) 

IdTT Joo 47r Joo 

where m is the ADM mass, V is the asymptotic value of Aq at infinity, and Q is the 
electric charge. (In the case presently considered - where there are no "boundaries" 
aside from infinity - Q will vanish, but we keep this term in eq. (10) since it will be 
nonvanishing in the more general cases considered below.) In terms of the original 
ADM Hamiltonian H, we thereby obtain, 

5H^ [ [P^'^SH^t, + Qab^T^"^ + R^SAa + SadiVhE"-)] -5m- V5Q (11) 

which yields the desired relationship between the variation of H and the variation of 
ADM mass, m, and charge, Q, in the case where N^^ approaches a time translation at 
infinity. In a similar manner, if N'^ asymptotically approaches a rotation at infinity, 
we obtain, 

6H = /jP'^'Shab + Qab^Tr"' + + S'JiVhE'')] + 6 J 

(12) 

where J is the "canonical angular momentum" defined by [2] (see also [5]), 

J = - £(20;.7r"'' + Acj>'A,E^)dSa (13) 

where 0" is an asymptotic rotational Killing field on E. (In eq. (12), I have inserted 
primes on the quantities P'"^, etc. appearing in the volume integral to alert the reader 
to the fact that these quantities depend upon the choice of iV^ and, hence are different 
in eqs. (11) and (12), since different choices of A^'^ have been made. The Hamiltonian 
functions appearing on the left sides of these equations also, of course, are different 
for the same reason, but since I prefer to use H to denote the Hamiltonian (6) for 
any choice of N^, I have not inserted a prime on H in eq. (12).) Equations (11) and 
(12) give explicit expression of property (iii) stated above. 

The above formulas (11) and (12) are easily generalized to the case where E is a 
manifold with boundary, i.e., when, in addition to having an asymptotically flat 
"end" , E also possesses a regular "interior boundary" , S. In that case, the integrations 
by parts needed to put the "volume contribution" to the variation of H in the form 
(7) also give rise to surface terms from S. These additional surface terms are readily 
computed (see [2] for their explicit form) . 
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The strengthened form of the first law of black hole mechanics follows directly from 
the above three properties of the Hamiltonian formulation of Einstein-Maxwell the- 
ory. Let (M, Qn^, Aij) be a solution to the Einstein- Maxwell equations describing a 
stationary-axisymmetric black hole, whose event horizon is a bifurcate Killing hori- 
zon, with bifurcation surface S. Let and 0^ denote the Killing fields on this 
spacetime which, respectively, asymptotically approach a time translation and rota- 
tion at infinity. We assume that a Maxwell gauge choice has been made so that is 
nonsingular everywhere outside the black hole and on the event horizon, and satisfies 
CtAfj^ = C(f,A^jt — 0. (Note that the assumption that we can introduce a globally well 
defined vector potential restricts consideration to the case where the magnetic charge 
vanishes. However, there actually is no loss of generality in restricting attention to 
this case, since the magnetic charge always can be put to zero by means of a duality 
rotation.) Let 

X''^t>' + Qcf)" (14) 

denote the hnear combination of and cf)^ which vanishes on S. (Equation (14) 
defines the "angular velocity of the horizon", Q.) Let S be an asymptotically flat 
hypersurface which terminates on the bifurcation surface S. Let {hab, A^, E"") 
denote the initial data which is induced on S. Finally, let H denote the ADM 
Hamiltonian asssociated with the time evolution vector field = x^- 

Now, let {Shab, Sti"''', 6Aa, SE"-) denote any perturbation of the above initial data which 
is asymptotically fiat, is nonsingular on S (including S), and which satisfies the 
linearized constraint equations. Then, by property (i) above, we have 5H — for 
this perturbation. However, by property (ii) above, together with the fact that is 
a symmetry of the background solution 

(i.e., C^Qnv = J^x^iJ- — 0)) it follows immediately that the "volume contribution" to 
SH vanishes. Thus it is clear from eqs. (11) and (12) that property (iii) will give rise to 
a formula relating the variations in mass, angular momentum, and charge associated 
with the perturbation (i.e., the "surface terms" from infinity) to a surface contribution 
from S (which was not included in eqs. (11) and (12) above). Since — x^ vanishes 
on S, the evaluation of this boundary term from 5" simplifies considerably. The final 
result thereby obtained is the following [2]: For any nonsingular, asymptotically fiat 
perturbation of a stationary, axisymmetric black hole with bifurcate horizon, we have, 

Sm + VSQ - flSJ = -^uSA (15) 

OTT 

Here, k, denotes the surface gravity (see, e.g., [6]) of the horizon and 

A denotes the area of S. (The term ^k5A is, of course, just the surface contribution 
from S.) Equation (15) expresses the first law of black hole mechanics. 

The above derivation of eq. (15) is considerably simpler than the original derivation 
given in [7]. More significantly, the result obtained here is considerably stronger: 
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The derivation of [7] establishes that eq. (15) holds only for perturbations to other 
stationary, axisymmetric black holes. (An extension of the derivation of [7] to include 
a somewhat more general class of perturbations which are "t — 0-symmetric" was 
given in [8].) The above derivation proves that eq. (15) holds for all nonsingular 
asymptotically fiat perturbations which satisfy the linearized constraint equations. 
As wc now shall show, this strengthened form of the first law will enable us to close 
a gap that had existed for many years in the proof of the blaclc hole uniqueness 
theorems. 

2. Application to the Black Hole Uniqueness Theorems 

The conchision that the charged Kerr solutions are the only stationary l^lacli hole so- 
lutions in Einstein-Maxwell theory rests on the combined worlc of many authors. One 
of the key steps in the argument leading to this conclusion is a theorem of Hawking 
[9], [10], which usually is quoted as asserting that a stationary black hole must either 
be static or axisymmetric. Under the assumption that the surface gravity, k, is non- 
vanishing (corresponding to the case of a bifurcate Killing horizon - see [11]), Israel's 
theorem [12], [13] then proves that the only static black holes in Einstein-Maxwell 
theory are the Reissner- Nordstrom solutions (i.e., the charged Kerr solutions with 
vanishing angular momentum), whereas the combined work of Carter [14], Robinson 
[15], Mazur [16], and Bunting (see Carter [17]) establishes uniqueness of the charged 
Kerr solutions in the stationary, axisymmetric case. 

However, Hawking's theorem actually states the following: First, the theorem asserts 
that the event horizon of a stationary black hole must be a Killing horizon, i.e., there 
must exist a Killing field in the spacetime which is normal to the horizon. If fails 
to coincide with the stationary Killing field t^, then it is shown that the spacetime 
must be axisymmetric as well as stationary. In that case it follows immediately that 
eq. (14) will hold with Q ^ - i.e., the black hole will be "rotating" -and will be 
spacelike in a neighborhood of the horizon, so that the black hole will be enclosed by 
an "ergoregion." On the other hand, if coincides with (so that the black hole is 
"non- rotating" ) AND if is globally timelike outside of the black hole (so that no 
"ergoregions" exist), then it is shown that the spacetime must be static. However, 
the case where coincides with x'^ but fails to be globally timelike outside of the 
black hole is not ruled out by the theorem, although plausibility arguments against 
this possibility have been given [10]; see also [18]. Consequently, the standard black 
hole uniqueness theorems leave open the following loophole: In principle, there could 
exist additional stationary black hole solutions to the Einstein-Maxwell equations 
with bifurcate horizon which are neither static nor axisymmetric. Such black holes 
would have to be nonrotating (in the sense that coincides with x^) and also would 
have to have a nontrivial ergoregion. Furthermore, since x^ automatically is timelike 
in a neighborhood of the horizon outside of the black hole (see [19]), this ergoregion 
would have to be disjoint from the horizon. I now shall show how this loophole can be 



6 



WALD : FIRST LAW 



closed by proving that any nonrotating black hole in Einstein-Maxwell theory whose 
ergoregion is disjoint from the horizon must be static-even if is not initially assumed 
to be globally timehke outside of the black hole. In particular, this gives a direct proof 
that there cannot exist black holes in Einstein-Maxwell theory whose ergoregion is 
disjoint from the horizon. The proof relies directly upon the strengthened form of 
first law of black hole mechanics obtained in the previous section, and thus provides 
an excellent example of the utility of this result. 

Although the derivation of cq. (15) was given above for the case of a stationary, 
axisymmetric black hole, it is immediately clear that the derivation also applies for 
a black hole which is merely stationary (i.e., which possesses a KiUing field which 
approaches a time translation near infinity) but is non-rotating in the sense that 
vanishes on S. In that case, we obtain, 

6m + V6Q = -^uSA (16) 
Stt 

i.e., eq. (15) holds with Q = 0. Hence, as an immediate corollary of our strengthened 
form of the first law of black hole mechanics, we obtain the following result: For 

an arbitrary stationary, nonrotating Einstein- Maxwell black hole, any nonsingular, 
asymptotically flat perturbation of the initial data which satisfies the linearized con- 
straint equations, preserves the charge, Q, of the black hole and preserves the area, 
A, of S cannot result in a first order change the ADM mass, m, of the spacetime. 

We now shall attempt to explicitly construct a perturbation which violates this corol- 
lary. As we shall see, this attempt will succeed unless the spacetime is static. Conse- 
quently, we shall conclude that every stationary, non-rotating Einstein- Maxwell black 
hole must be static. 

The first (and, technically, most difficult) step in the argument is to prove that in 
the (unperturbed) stationary black hole spacetime, a maximal (i.e., vanishing trace 
extrinsic curvature) slice, S, always can be chosen which intersects the bifurcation 
surface, S, is asymptotically fiat and is asymptotically orthogonal to at infinity. A 
proof that such a slice exists is given in [20] , and we refer the reader to that reference 
for further details. 

Now, let {hab: tt"^, Aa, -B") be the initial data which is induced on the maximal slice, E, 
of the previous paragraph for an (unperturbed) nonrotating Einstein-Maxwell black 
hole. Consider the following perturbation of this initial data: 



5hab = ^hab (17) 

Sn"'' = -4(/.7r"'' - tt"'' (18) 

5A, = -A, (19) 

SE" = -6(/)£;" (20) 
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where is the solution to 

D'^Da'p - /i0 = p (21) 
on E determined by the boundary conditions ^ at infinity and = on 5', where 

= ^7r"V„, + E'^E, + If^^F"" (22) 

P=^[;^7r'^V,fe + F,,F'^^] (23) 

Then it may be verified directly that this perturbation satisfies the linearized con- 
straint equations and also satisfies 5Q = 5A = Q. However, it also can be proven [2] 
that this perturbation satisfies 5m < unless p = 0. Consequently, a contradiction 
with the first law of black hole mechanics will be obtained unless tt"^ = (and also 
Fab = 0), i.e., the first law implies that the full extrinsic curvature of S must vanish. 
By isometry invariance, the one-parameter family of slices, Et, obtained by "time 
translating" E along the orbits of also must have vanishing extrinsic curvature. 
However, it then follows that the projection of normal to these hypersurfaces (i.e., 
t'^ — —{fni,)n'^, where n'^ is the unit normal field to E^) must be a KiUing field. 
(Indeed, since t ^ approaches at infinity, we actually must have = t^.) Hence, 
the nonrotating black hole possesses a hypersurface orthogonal, timclikc Killing field 
which is everywhere timelike outside the black hole and approaches a time translation 
at infinity. Thus, the black hole is static, as we desired to show. 

Interestingly, this proof does not generalize to Einstein- Yang-Mills case. Indeed, 
it is argued in [2] that nonrotating black holes which fail to be static will occur in 
Einstein- Yang-Mills theory, although such solutions, if they exist, should be unstable. 
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